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Introduction 













2 Curves 


Read O'Neill: Chapter II, Section 2, pages 51-55. 


O’Neill, page 55, the displayed expression for , 

— ( d 2 ® 1 d 2<x i d 2 a 3 \ 

“U* '-&'-&)• 


This last expression is the same as (a", a%, 03). 


should read 


There are two main ideas introduced in this section. The first is that any curve 
may be reparametrized so as to have unit speed. The second is that it is useful to 
consider vector fields that are defined only for points on the (route of the) curve. 
The proof that a unit-speed reparametrization of a curve can always be found 









This completes the proof that T, N and B form an orthonormal basis at each point 
of p. 

Note how we needed to know that T and N were orthogonal unit vectors before we 
could deduce that 
B = TxN 


With Lemma 3.1 and the definitions of the Frenet apparatus, we can actually prove 
all three of the Frenet formulas using orthonormal expansion. If we write out the 
orthonormal expansions of T', N' and B\ we obtain 
T = (T 1 • T)T + (T 1 ■ N)N + (T 1 ■ B)B 
N' = ( N' ■ T)T + (AT' • N)N + (N‘ ■ B)B 
B' = (B‘ ■ T)T + (S' ■ N)N + (S' ■ B)B. 

The definition 



shows that the first expansion reduces to 

T' = kN, 

and so we can deduce that 
T'.T = 0 

(which we have shown independently) and that 
T ■ B = 0. 

To prove the other two formulas, we must calculate the coefficients; it is here that 
we again use the Leibniz property. 

We have already differentiated T ■ T = 1 to show that 
T' T = 0. 

A similar argument shows that 

N'-N = 0 and B' ■ B = 0. 

Next we tackle N 1 ■ T. We have 

AMT-0 

N'-T + N -T 1 = 0 

=> n 1 -t = -n -r 

=> N 1 ■ T = -N -kN = -kN ■N = -k. 

A similar argument, starting from N ■ B = 0, shows that 

N' B = -B' ■ N = —(—r) = t (using the definition of r). 

Finally, starting from B ■ T = 0 gives 
B'T = -BT' = - 0 = 0. 

Assembling all this information gives 





Exercise 3.1 O’Neill, page 63, Exercise 1. 

Exercise 3.2 O’Neill, page 63, Exercise 2. 

Exercise 3.3 O’Neill, page 64, Exercise 5. 

Exercise 3.4 O’Neill, page 64, Exercise 6. 

Exercise 3.5 O’Neill, page 65, Exercise 8. (See comment above about curves in 
the plane.) 

[Solutions on page 27 ] 


4 Arbitrary-speed curves 

Read O’Neill: Chapter II, Section 4, pages 66-74. 

This section extends the Frenet formulas to arbitrary speed curves. This is an 

reparametrization always exists (for the curves that we consider), tctually finding 
it is often impractical. 

The work in this section falls into three parts. 






5 Covariant derivatives 


Read O'Neill: Chapter II, Section 5, pages 77-80. 


1 On page 80, Exercise 1, the second line: 

for ‘Compute V v _’ read ‘Compute V v _’ 

2 On page 80, Exercise 5, the second sentence would probably read better as 

‘Thus VW is the ■ 

We now pause in our study of curves to begin the generalization of the method This generalization will take 
of moving frames. With a curve, the three vector fields T, N and B that pro- up Sections 5-8, we shall 
vide the Frenet frame are functions of the single variable used to define the curve. ret " rn to curves in Part III. 
The derivatives of the Frenet frame are, therefore, just the ordinary derivatives of 
elementary calculus. On a curve there is only one way to go: along the curve. 

In general, there will be the nossihilitv of mnvino- in varinne .. . 









6 Frame fields 


i: Chapter II, Section 6, pages 81-84. 


The definition was anticipated when we referred to U 1} U 2 and U 3 as the natural 
frame field. The {/,• provide an orthonormal basis at each point of E 3 . 

The preamble to Definition 6.1 and the definition itself formalize the idea of a set 
of vector fields providing an orthonormal basis at each point. 

Examples We strongly recommend that you construct your own versions of Fig¬ 
ures 2.21-2.23 of O’Neill ; it is always difficult to follow someone else’s sketches of 
three-dimensional arrangements. 

Lemma 6.3 What O’Neill means by ‘immediate consequence’ is the following. 

If p £ E 3 , then F(p) can be expressed in terms of the £;(p) by orthonormal ex- 
mansion: 

^(p) = (V(p) ■ -EKpMiCp) + (V"(p) ■ E 2 (p))E 2 (p) + (F(p) • ^(pJJEsCp) 
By invoking the pointwise principle, we obtain the ‘functional’ form of the above: 
V = (V • E 1 )E l + (V ■ E 2 )E 2 + (V ■ E 3 )E 3 . 


page 




7 Connection forms 


Read O'Neill: Chapter II, Section 7, pages 85-90. 


We now come to the main idea of Sections 5-8: expressing the derivatives of an 
arbitrary frame field in terms of the frame field itself. We want an analogue of the 
Frenet formulas: 



re looking, informally, for something that looks like 

( El \ ( El \ 

(derivative of) I E 2 I = (suitable matrix) I B 2 I . 


in terms of Ei(p), ^(p), £s(p). 


l full. In matrix form the 


(vv^] = (z S s') (33) 

\^ t E 3 ) \C 3 1 c 32 c 33 / \E a (p)J 



Calculating connection forms In any particular example of frame fields, the 
frame will often be given in terms of the natural frame field. O’Neill now shows 

expressing a frame field Ei,i= 1,2,3, in terms of the natural frame field. 

of the lemmas proved earlier. The method of proof is interesting but much less 
important than the result. Once again, the matrix form is probably the more 


The Frenet formulas Rather than leave you to deduce the Frenet formulas from 
the connection equations (page 91, Exercise 8 of O’Neill), we present here one way 
of doing the deduction. 

Suppose that we have a unit-speed curve 

“W, 

and a frame field whose restriction to the curve gives the Frenet frame. That is, 

specifically, E 3 , £ 2 and E 3 is a frame field and ’ The frame field is defined on 

El (a) = T, enough of E 3 to include all of 

r, / >. .. the route of or. 

E 2 (a) = N, 

E 3 (a) = B. 

Now we need the link between differentiation with respect to s and covariant deriva- This is differentiation ‘along 
tives. The link is provided by the result we proved earlier: the curve’. 

We have 

T'(s) = (£,(«(«)))' 

= V,,.#!. 

But we know that 

a'= T, 

so, doing similar calculations for N' and B', we have 
T' = V t T, 


Now we can compare the results given by the definitions of the Frenet apparatus 
with the expressions for the covariant derivatives from the connection equations. 
From the connection equations, 

VtT = Wn(T) T + u> 12 (T) N + « 13 (T) B. 

We know that «n = 0 for any frame field and the definitions of k and N imply that 
T' = kN. 


“12 (T) = K, 


Note that the immediate consequences of the skew-symmetry of the connection 
equations are that 

“31 (T) = -“.13(T) = 0, 

“2l(T) = -« 12 (T) = K. 




Definition 8.1 This is, effectively, the generalization referred to above. Because 
the f?,(p) form a frame at p, we can use orthonormal expansion to give 

Vp = (V P ■ ^(pHMp) + (vp • E 2 {p))E 2 (p) + (vp • E 3 (p))E 3 (p). 

Thus 

ft(Vp) = v p . Ei(p) 

is the ith coordinate of the vector part of v p . Thus 0, does indeed pick out the 
Ei -component of v p . 

Note that O’Neill slips quietly into applying the dual 1-forms to vector fields, 
rather than tangent vectors, without any comment. What he is doing is to apply 
the pointwise principle to define 

ei(^):p^K(p)£i(p). 

This can be stated more succinctly as 
0,(10 = V • E t . 

Suppose that we have a vector field on E 3 defined in terms of the E { by 
V = f\E\ + f 2 E 2 + f 3 E 3 , 

where the J ), i = 1,2,3 are functions on E 3 . Then, from the above and the prop¬ 
erties of a frame field, we have 


= (fiE 1 + hE 2 + f 3 E 3 )-E i 


Thus, just as 0* picks out the ^-component of a tangent vector, 0, picks out the 
Ej-coordinate function of a vector field. 


A consequence of the definition of the dual 1-forms is that 


Once we know the effect of a 1-form on a frame field, it is uniquely determined, by 
linearity (see Lemma 8.2 below). Thus, the dual 1-forms are completely determined 
by the relationships 


This consequence could, in 
fact, be taken as the 
definition of the dual 


0,'(£j) = Ej ■ Ei = Sij. 

This relationship, between a frame field and the dual 1-forms, is the easiest to use 
if you are asked to check that given 1-forms actually are the duals of a given frame 

Lemma 8.2 This is the generalization of the result from O’Neill , Chapter I, that 
any 1-form can be expressed uniquely as a linear combination of dx, dy and dz. 
The lemma also provides a way of calculating the coefficients: evaluate the given 
1-form on the frame field members. 


Next, O’Neill shows how the dual 1-forms for a frame field are related to the 
‘standard’ 1-forms dx, dy and dz. The relationship turns out to be exactly the 
same as between the frame field and the ‘standard’ frame field, that is, the natural 
frame field. The same attitude matrix does for both. 

If the large number of summation signs confuses you, try writing out some of the 
expressions in full. For example, in the proof that 



where A is the attitude matrix for the frame, a crucial step is the following. 
9i(Uj) = Uj ■ Ei 

= Uj ■ (anUi + a i2 U 2 + a i 3 U 3 ) 

= Oij. 


21 







9 Summary 


Read O'Neill: Chapter II, Section 9, page 96. 


The main purpose of this part has been to introduce you to the study of curves 
and the derivation of the Frenet formulas. However, the method of moving frames 
is of such general importance that we have also included the generalization of the 
Frenet approach to obtain the connection forms and Cartan’s structural equations. 
The most important computational techniques that you should be able to carry 
out are the calculation of the Frenet apparatus for unit-speed and arbitrary-speed 

The connection and structural equations will reappear in our study of surfaces. 

For a unit-speed curve, the Frenet apparatus gives a description of the curve using 
only ideas belonging to the curve itself, rather than the description of the curve by 
three coordinate functions. The parameter s, the arc-length, belongs to the curve, 
not to where the curve is situated in E 3 . Similarly, the curvature k and torsion r 
are functions of s and, in principle at least, a creature confined to the curve, and 
having no knowledge of how the curve is situated in E 3 , could measure s, k and r. 
Such a creature would have to have perception of more than the one dimension of 
the curve in order to conceive the vectors N and B. Even so, this knowledge need 
be ‘local’ only to its current position on the curve; it need have no perception of 
the curve as a whole. 

Nevertheless, s and the two functions k and r do give information about what the 
curve looks like to an observer who can see the curve embedded in E 3 . 

In Part III (O’Neill, Chapter III) we show that knowledge of k and r as functions 
° f 3 s is enough to determine everything about a curve except its precise location in 


Solutions to the exercises 

Solution 1.1 

(a) Applying the definition: 

Using the formal determinant method: 

ICMP) %(p) %(p)| 


Thus, with a check: 

v = vf ei ~ vf 62 + vf 3 

= |(7,14,7) - |(—28,0,28) + f(4, -4,4) 

= £(28 + 84 + 32,56 + 0 - 32,28 -84 + 32) 
= £(144,24,-24) 


(c) Since ||v|| = ,/6 and ||w|| = v'lO, we hav 

1R = ^5 (_1 ’ 0 ' 3) - 

(d) Using the result of part (b), 

l|v X w|| = V36 + 4 + 4 = Vu = 2VT1. 

(e) If the angle is 0, we have 


Solution 1.3 

IMp) M P ) t/ 3 ( P ) | 


«|: 


tn 3 | “ 2 | in, w 3 | + “ 3 | w, 


Solution 1.2 


We must show that the basis is orthonormal, that is 


= |(1 + 4+ 1) = 1, 

e 1 .e 2 = -l f (-2 + 0 + 2) = 0, 

ei ' e3 = ^f (1_2 + 1) = °’ 


e 2 .e3 = -l J (-2 + 0 +2)= 0 , 
e 3 - e 3 = |(1 -h 1 4-1) = 1- 


Orthonormal expansion requires the coefficients: 




Solution 1.4 

For the first part, if v and w are linearly dependent, then 
the angle between them is 0 or x. Hence the sine of the 
angle is 0 and the length of the cross product is 0. 
Provided that neither vector is zero, each step in the 

zero, then the vectors are automatically linearly 

The area property follows from 
||v x w|| = ||v|| ||w|| sin $, 
which is the area of the specified parallelogram. 

Solution 1.5 

Since we are dealing with a frame, e 2 x e 3 is 
Also 

||e 2 xe3|| = |M||M| s in(*/2) 




Since the definition of orthogonal matrix is equivalent to 
saying that the rows (or columns) form a frame, the 
above shows that the determinant of such a matrix is ±1. 



























Solution 5.1 




*wr-2>ft.-v. 


Solution 5.4 

We begin by using the definition to calculate VW. 

VW = HxftUi - d(x 2 z*)U 3 

= (si 3 dx + 3x 9 2 dy)Ui - (2 xz 2 dx + 2x*zdz)U 3 . 
Now, using the definition given and the methods of 
Chapter I, we can do the evaluations. 


V = (VW)(v p ) 

= ((si 3 dx + 3xsi 2 dy)Ui - (2 xz' 
= (8(l) + 3(-l)(4)(0))£f 1 (p) 

- (2(-l)(l)(l) + 2(1)(-1)(- 
= 8£f,(p)-4l7,(p). 
is time, the same method leads to 

V = 27£Mp) + 12£Mp). 







Solution 7.1 

The easiest way of tackling such a question is probably to 


• change the sign of the new F 2 . 

None of these operations affect the property of being a 


ana tnen use 1 heorem 7.6 to calculate the connection 


The calculation of w is long but not too difficult. The 
main step is the calculation of dA. Careful differentiation 


[cos 2 / — sin 2 /) If ( 
- cos f df 


-sin 2 /)# cos fdf\ 
xfcosfdf sin/# 
-sin/# 0/ 










Solution 8.1 
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